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Fast Fourier Transform Convergence Criterion
for Numerical Simulations of Periodic Fluid Flows
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Determining when a numerical simulation is fully converged is important in getting accurate and reliable results.
In unsteady problems, especially those involving periodic flows, it is not easy to judge convergence based on the
existing convergence criteria. In this study, a convergence criterion based on an analysis of the frequency content
of several flow variables using the fast Fourier transform (FFT) is suggested. This FFT convergence criterion
has an advantage in that it is based on evaluation of the physical flow variables. Two conditions are set to judge
convergence using the FFT convergence criterion. The first condition deals with the errors associated with the
selection of the number of samples, whereas the other deals with the physical frequencies and their amplitudes.
The FFT convergence criterion is tested and applied to two different unsteady flow problems, which have been
solved numerically using two different flow solver codes. The results show that the suggested FFT convergence
criterion can be applied successfully and easily to judge the degree of convergence of numerical simulations of
periodic fluid flows.

Nomenclature
A = normalized amplitude
Dt = sampling rate
d = hydraulic diameter of jet, m
f = frequency, Hz
H = computational domain height, m
J = momentum flux ratio
L = computational domain length, m
N = number of data
p = point
Sr = Strouhal number
t = time, s
u = axial-velocity component, m/s
v = vertical-velocity component, m/s
W = computational domain depth, m
w = spanwise-velocity component, m/s
x = axial distance, m
y = vertical distance, m
z = spanwise distance, m

Subscripts

c = cutoff
ds = data samples
eb = error band
FFT = fast Fourier transform
max = maximum
p = predicted
sp = spacing
1 = error frequency
2 = dominant physical frequency
3 = secondary physical frequency
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Introduction

N UMERICAL simulation has become an essential tool used in
solving problems in many scientific areas. In many cases, it

is less expensive and time consuming when compared to an exper-
imental approach. An analyst should be able to demonstrate that
their numerical solutions are fully converged. An examination of
the frequency content has become an important tool to analyze and
understand the physical characteristics of unsteady periodic flow
problems.1−5 Periodic unsteadiness in the flowfield can occur natu-
rally, for example, the shedding of recirculation eddies behind bluff
bodies to form a von Kármán vortex street and the growth of insta-
bilities in a shear layer as in case of jet flows. Periodic unsteadiness
can also occur when forcing is imposed on one or more of the flow
boundaries. In such unsteady flow problems, judging if a solution
has converged is necessary in determining the correct spectral con-
tent of the solution.

Convergence refers to two issues in numerical simulations. The
first is the iteration convergence, defined by Roache and others6−9

as finally arriving at a solution of a finite difference equation via
iteration. Iteration can be defined as the solution of the discretized
governing equations over the computational domain. The second
issue is called truncation convergence, which is the convergence of
the discretized equation to the partial differential equation as time
step and grid size go to zero. In this work, the word convergence
refers to iteration convergence. Convergence criteria are typically
based on examining local parameters at each cell or node, for ex-
ample, residuals of the governing equations or specific flow vari-
ables. The residual represents the inability to satisfy the governing
equations at a particular iteration step. Typically, one considers the
change of a residual or a flow variable from two consecutive time
steps at a particular node or forms an rms sum of these quantities
over the entire computational domain. Sometimes these parame-
ters are normalized, but there is a risk if the parameter becomes
locally small. Convergence criteria can also be categorized into two
separate groups: ones that are evaluated on the boundaries of the
computational domain, whereas others are evaluated at the local
nodes or control volume. The first category examines the global
parameters such as the mass balance across a given boundary or
the temperature10 on a given boundary. The advantage of a mass
balance convergence criterion is that it measures an actual physical
property. A similar physics-based criterion has been developed and
applied for reacting flow computations, where one tracks the total
number of atoms of a given element to obtain another measure of
convergence.11 Mathematically, convergence has been defined7,8 as
when the difference between an actual variable and its discretized
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approximation goes to zero, as the mesh spacing goes to zero and
the iteration indices go to infinity. In practice, the mesh does not get
that small, and one does not want to iterate forever.

Roache6 presented an assessment of some of various forms of
convergence criteria, where convergence is said to be reached if
1) the value of a residual drops below a specified value, for example,
ε ≈O(10−3 − 10−8); 2) a residual is “monotonically” decreasing;
and 3) the flowfield looks unchanged from the solution at some ear-
lier iteration. Such an approach to examine convergence is suitable
for steady-state simulations, where residuals can decrease monoton-
ically. A residual does not have to go to zero because calculations
are performed using a finite mesh size and algorithmic details lead
to additional errors. Changing the mesh changes the residual error
and therefore makes the convergence cutoff level mesh dependent.
Roache therefore states that there is little rationale for choosing
when convergence is achieved and that the choice of criteria and its
level are largely subjective.

For unsteady flows, the finite spatial and temporal (inner loop)
mesh causes the convergence cutoff value to exhibit mesh depen-
dency. In case of periodic flow problems, the residual change is
larger than compared to the residual for a steady-state case, and fur-
thermore the residual is most likely to be periodic. Even when the
residual fluctuates periodically below the specified value, the pattern
of fluctuations can change as the solution runs further. Therefore, for
periodic flow problems there is a question about what should be the
specified value to judge convergence. A new convergence criterion
is offered to help judging convergence of these types of problems.

One subcategory of unsteady flows is called periodic. Periodic
fluid flow behavior can occur naturally, as in the case of turbulent
flow over bluff bodies and flow over cavities, or if one or more of
the boundaries are forced to have a periodic behavior. For unsteady
turbulent flows, flowfield variables can be broken down to a time-
averaged part, a quasi-periodic, or coherent part and an incoherent or
random part. The first term corresponds to the global mean flow. The
second term, called the deterministic term, is defined by timescales
related to the motion of large-scale or coherent structures. The third
term, called the stochastic or turbulence term, is defined by the
timescale of turbulent eddy motion. The sprit of this decomposition
is similar to that first proposed by Reynolds and Hussain12 and sub-
sequently by others.13,14 The first two terms can be resolved without
modeling by many practical numerical methods. Abbott and Basco9

reviewed some of the applications (which can include unsteadiness)
where the k–ε model was used successfully. Applications include
sudden expansions, flows around an obstacle, cavity flows, and jets
in crossflow. The resolvable large scales move very slowly and have
a long length and timescales in comparison to the irresolvable turbu-
lent small scales (small length and timescales). This suggests using
the two-equation closure models to solve unsteady problems when
the main concern is to obtain a solution for the unsteady resolvable
large scale (as is the case in the present study). The k–ε model has
been used successfully to simulate problems such as flow over bluff
bodies.15,16

The aim of this study is to examine an alternative convergence
criterion based on a fast Fourier transform (FFT) frequency analysis
of several flow variables. This convergence criterion is for periodic
fluid flows. The FFT results are examined to study the effect of
different FFT parameters on the calculated frequencies and their
amplitudes. To apply and investigate the FFT convergence crite-
rion, two different flow problems are solved numerically using two
different codes. The first problem is an analysis of a forced jet in-
jected into a crossflow, where the unsteady periodic flow behavior
arises from forcing one of the boundaries with a sinusoidal wave-
form frequency. The second problem is an analysis of the flow over
a triangular flame holder, where periodic unsteadiness occurs nat-
urally as a result of shedding of the fluid flow from a boundary
surface. Based on the work just cited, the present study also models
the unsteady turbulent scales using two-equation models.

FFT Convergence Criterion
The suggested alternative convergence criterion is based on ex-

amining the frequencies and amplitudes (using FFT analysis) of se-

lected variables at points distributed throughout the computational
domain. Data samples are collected over a number of time steps, and
the frequencies and their amplitudes are calculated and examined
as the solution progresses in time. Using this type of analysis, two
types of frequencies can be easily identified. The first type depends
on the number of data samples and sampling rate used in the FFT
method, defined herein as the error frequency. This error frequency
is the largest amplitude signal in the cutoff region, and its amplitude
can be interpreted as a measure of how the overall solution has con-
verged (see next section for details). The second type includes all
of the physical frequencies of the solution that exist outside of the
cutoff region. From these physical frequencies, there is at least one
frequency that has an amplitude which is dominant over the spectral
range (dominant energy).

The unsteady convergence criterion using this approach is defined
as satisfying the following two conditions:

1) The amplitude of the dominant frequency in the cutoff region
“dominant error frequency” is very small compared to the ampli-
tudes of the physical frequencies of the problem.

2) The change in the physical frequencies and their amplitudes is
less than specified small value.

Because this convergence criterion examines the frequency con-
tent of the solution space, these frequencies should be well defined.
This convergence criterion can be applied to both periodic laminar
and turbulent flows. In the case of turbulent flow, the large-scale
eddies have nonrandom frequency values, and they are used in the
FFT convergence analysis. The small-scale eddies also have random
frequency content and cannot be used for FFT convergence crite-
rion. A detailed FFT algorithm and FORTRAN code can be found in
Proakis.17 In this study, the FFT analysis has been computed using
MATLAB® software.18

Three numerical simulations are analyzed to demonstrate the pro-
posed method. The first one is a test problem where a known signal
in the time domain is analyzed using FFT to examine the effect
of the number of data samples, the number of FFT points, and the
sampling rate on the solution obtained from the FFT analysis. The
other two cases are real periodic fluid flow problems: 1) the forced
jet in crossflow and 2) the flow over a triangular flame holder.

Fast Fourier Transform
FFT is an efficient mathematical method to compute the discrete

Fourier transform (DFT). DFT plays an important role in many ap-
plications of digital signal processing. If x(n) is a sequence defined
only over the interval from 0 to N − 1, the DFT, X (k), of x(n) is
defined19 only over the same interval from 0 to N − 1.

X (k) =
N − 1∑

n = 0

x(n) e−ikω0n, 0 ≤ k ≤ N − 1 (1)

where i = √−1, ω0 = 2π/N (radians), and k is called frequency
index. The preceding relation can be rewritten as

X (k) =
N − 1∑

n = 0

x(n) W kn
N , 0 ≤ k ≤ N − 1 (2)

where WN = e−2π i/N is called the phase factor. The total multiplica-
tion processes are 4N2 (4N for each value of k) and N (4N − 2) ad-
dition processes [4(N − 1) + 2 for each value of k]. These processes
are very computational expensive if N is large. The FFT method
reduces the number of the multiplication processes (usually more
critical than the addition processes7). The FFT technique assumes
that the N points are a power of 2, that is, N = 2β . The FFT method
breaks the N -point transform into two (N/2)-point transform and
then breaks the (N/2)-point transform into two (N/4)-point trans-
form and so on. For example, for the first break, (N/2)-point trans-
form, the number of multiplication processes is N 2/2 + N . For the
second break, N/4-point transform, the number of multiplication
preceding is N 2/4 + 2N . The preceding processes can be contin-
ued to β stages or log2 N stages. The total number of multiplication
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processes in this case is (N/2) log2 N , and the number of addi-
tion processes is N log2 N . To show how fast FFT compared with
DFT, assume N = 210 (N = 1024). The number of multiplication
processes using DFT is 10,048,576, whereas for FFT it is 5,120.
FFT is 205 faster than the DFT.

Zero padding is adding zeros to the end of a sequence of finite
length so that a power of 2 FFT algorithm can be used. Another
advantage of zero padding is that the samples values are spaced
2π/(N f + Nz), where N f is the number of the nonzero points of the
original sequence and Nz is the number of zeros added to the original
sequence. Adding more zeros provides closer spaced samples and
gives a better display of the Fourier transform.19 The amplitude of
the frequency domain is a function not only of the amplitude of the
original signal (A0) but also of the number of FFT points (NFFT) as
A = A0 N/2. The frequency ( fk , Hz) can be calculated7 as

fk = k/N�T (3)

The FFT is a mathematical method to change the signal value from
the time domain into the frequency domain. The maximum fre-
quency that can be captured using FFT depends on the sampling
rate used and can be calculated from

fFFT,max = 1/2 �t (4)

where �t is the sampling rate. The spacing frequency value, which
can be defined as the difference between two consecutive frequen-
cies calculated using FFT, is found from

fsp = 1/ NFFT�t (5)

where NFFT is the number of data points used in the FFT analysis
and should be a power of 2. Also, NFFT should be equal or larger than
the number of data samples. When the number of the data samples
is the same as the number of FFT points, the frequencies calculated
have an error band that can be calculated from

feb = 1
2 (1/NFFT �t) (6)

When the number of FFT points does not equal the number of the
data samples, Eq. (6) gives fair results.

The correct frequency is within the following frequency range:

f = f p ± feb (7)

The cutoff frequency, which is defined here as the minimum fre-
quency that can be captured correctly using FFT, depends on the
number of data samples Nds and the sampling rate �t . It is calcu-
lated from

fc = 1/Nds�t (8)

Sometimes the error frequency is calculated to occur outside of the
cutoff region, and it is not possible to identify it as an error frequency.
During early stages of a simulation, the frequency content of the sig-
nal at a certain point has some frequencies that are different from
the physical frequencies that can exceed twice the cutoff frequency.
Therefore, in the present study of the FFT convergence criterion the
cutoff region is doubled from that of Eq. (8) to avoid terminating
the calculation before real convergence has been obtained. Again,
if the number of FFT points does not equal the number of data
samples, the effect of the error band on the calculated error fre-
quency can sometimes be little higher than that calculated by Eq. (8).
Therefore, this shifts the error frequency out of the cutoff region.

In this study, the cutoff region is defined as the region in the
frequency domain where the maximum frequency is the cutoff fre-
quency, calculated using Eq. (8).

Results
Three numerical simulations are examined to demonstrate the

proposed procedure. The first provides a calibration of the procedure
by analyzing a complex signal composed of analytically generated
unsteady signals. The second simulation of a forced jet in crossflow
examines the behavior of an imposed unsteady signal of the flow and
convergence characteristics. Finally, a simulation of flow-induced
unsteadiness is examined.

Analytical Example
Four different test cases are used to understand the errors caused

by the FFT method parameters. In each case, a known signal of three
different frequencies is imposed and analyzed. The known signal is
of the form

y =
3∑

1

yi =
3∑

1

Ai sin (2π fi t) (9)

In these four cases, the values of the normalized amplitudes (A1,
A2, A3) are 0.5, 1.0, and 0.75, and the second and third frequency
values ( f2 and f3) are 400 and 600 Hz. The sampling rate is 0.1 ms.
Table 1 shows the value of the first imposed frequency fi,1 or one
of FFT method parameters changes in each case. The table shows
the value of the first input frequency fi,1, the predicted values of the
frequencies and normalized amplitudes, the number of FFT point
NFFT, the number of data samples Nds, the maximum error in FFT
� feb, the maximum error between the predicted and the input fre-
quencies � fc,max, and at the end, the value of the cutoff frequency
respectively fc.

In the first FFT case study, the value of f1 is 70 Hz, and the
sampling rate is 0.1 ms, that is, 10,000 data samples. Figure 1 shows
a part of the y(t) signal in the time domain. Figure 2 shows the same
signal in the frequency domain using 10,000 data samples and 220

FFT data. The FFT analysis accurately predicts the frequencies,
the normalized amplitudes of the imposed signal, and the cutoff
frequency (1 Hz in this case). The number of FFT data must be
a multiple of 2 and equal to or higher than the number of data
samples. The number of data samples can be any value greater than
1; however, the larger the number of data samples, the more accurate
the obtained frequencies. In applying the FFT convergence criterion,
it is recommended that the number of data samples be a multiple of
2 whenever possible.

The effect of Nds, as well as NFFT, on the FFT convergence cri-
terion needs to be investigated in greater detail. Using the wave-
form shape given by Eq. (4), case 2, with 256 points for the data
samples and 256 for the FFT points, illustrates that the cutoff fre-
quency is 39.06 Hz, and the accuracy of the predicted frequencies is

Fig. 1 Signal value in the time domain of the combined sine waves of
70, 400, and 600 Hz with normalized amplitudes of 0.50, 1.00, and 0.75,
respectively.
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Table 1 Values of different parameters test cases used to study FFT method

Predicted Predicted normalized
frequencies, Hz amplitudes

Test
case no. fi,1 f p,1 f p,2 f p,3 Ap,1 Ap,2 Ap,3 NFFT Nds ±� feb ±� fc,max fc

1 70 69.99 400.0 600.0 0.500 1 0.750 220 104 0.005 0.00 1
2 70 78.10 390.6 585.9 0.474 1 0.591 256 256 19.53 14.1 39.06
3 70 67.60 398.1 602.0 0.507 1 0.757 220 256 0.005 2.4 39.06
4 15 39.06 390.6 585.9 0.154 1 0.594 256 256 19.53 14.1 39.06
5 15 36.20 398.5 602.5 0.144 1 0.769 220 256 0.005 2.50 39.06

Fig. 2 FFT analysis of the signal value is shown in Fig. 1 using
Nds = 10,000 and NFFT = 220.

within ±19.53 Hz. The normalized amplitudes however are lower
than the correct values. For case 3, the predicted frequencies and
amplitudes are more accurate than in case 2. The maximum dif-
ference between the predicted and the input frequencies is 2.4 Hz,
which is lower than the 9.4 Hz of case 2. The location of this maxi-
mum discrepancy changes from the 400 Hz of case 2 to the 70 Hz
of case 3. In case 4, the value of the first frequency f1 changes from
70 Hz to a value below the cutoff of 39.06 Hz (for example, 15 Hz),
and its amplitude is lower than the input 0.5 value. In case 5, the
number of FFT points increases from 256 to higher values, thereby
enhancing the accuracy of the calculated normalized amplitudes
of the frequencies higher than the cutoff frequency (39.06 Hz). The
frequencies lower than the cutoff frequency cannot be predicted cor-
rectly, even by increasing of the number of FFT points. When one
uses a larger number of data samples than FFT points, many new,
nonphysical low-amplitude frequencies are introduced (see Fig. 2).
An advantage of using the same number for the data samples and
the FFT points is that these new frequencies are fewer, making it
easier to determine the envelope of the maximum frequencies of
the signal. Figure 3 shows this envelope superimposed on top of
the FFT signal. A disadvantage of using a larger number of FFT
points is the existence of other low-amplitude frequencies that are
not in the physical signal and thereby increase the signal process-
ing time to resolve these frequencies. Fortunately these nonphysical
frequencies can be easily detected and ignored, with the peaks of
the physical frequencies found by finding the envelope of the local
maxima first. The larger the number of the number of samples and
FFT points, the better predicted are the frequencies and amplitudes
outside of the cutoff region. The accuracy of this approach does
not depend on the accuracy of the database examined, rather on the
number of samples and FFT points used.

It is clear from this example that there are two spectral regions, the
cutoff region where the frequencies cannot be predicted correctly
(error frequencies) and a region beyond the cutoff region where
physical frequencies can be predicted correctly. The value of the

Fig. 3 FFT analysis, envelope, and peaks of signal value using
Nds = 256 and NFFT = 220 (case 3).

cutoff frequency depends on the choice of number of data samples
and the sampling rate. It is important that the cutoff frequency must
be less than the physical frequencies of the fluid flow variable.

Jet in Crossflow Example
The jet in crossflow (JICF) is a fundamental problem found in

many practical applications. Such problems are found in the mixing
of air or fuel with mainstreams in jet engine and scramjet combus-
tors and the cooling of turbine blades. The problem of injecting a
steady jet flow injected into a steady crossflow has been extensively
investigated experimentally. Recently, researchers have proposed
use of unsteady or forced jets in crossflow (FJICF) to enhance the
mixing process20−22 of the jet into the mainstream flow.

In the current study, the JICF problem is solved numerically us-
ing Fluent 4.5.6 software.23 A first-order upwind scheme with the
SIMPLE algorithm is used in these calculations. The number of
inner iteration for each time is 20. The Navier–Stokes equations
are solved, with turbulence effects modeled using the k–ε turbu-
lence model. A three-dimensional Cartesian computational domain,
x/d = 100, y/d = 18, and z/d = 18, is considered, where d is the
diameter of the jet. For simplicity of gridding, the jet is assumed to
have a square cross section with an equivalent hydraulic diameter of
4.57 mm. The number of grid points is half a million, 200 × 50 × 50
in the x , y, and z directions, respectively. The grid is clustered in
the axial direction around the jet where gradients are expected to
be large. A grid study was performed in an earlier work,24 with no
change in penetration or mixing observed using a finer mesh. The
boundary conditions (BC) are as follows: 1) specified inlet veloci-
ties of the jet and the mainstream fluids, where the inlet crossflow
velocity is 10 m/s while the jet-exit velocity is calculated from the
following expression as

u = 30 + 30 sin (2π400t) (10)

2) zero pressure gradient at x = L; 3) no-slip BCs on the lower
wall (y = 0); and 4) symmetry BCs on upper and sidewalls (y = H ,
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z = 0,W ), where L , H , and W are the length, height, and width of
the computational flow channel, respectively. The initial condition
for the axial velocity equals the mainstream inlet velocity. The initial
condition of all other variables is zero.

The ratio of the momentum flux of the jet to the momentum flux
of the mainstream J is 9 in the presented case. The working fluid
for both the mainstream and the jet is air. Both flows are treated as
ideal gases at 300 K. If no reaction is present, species (Y 1) acts as
an inert gas and is solved for from the species transport equation. In
real experiments, injected jet air is seeded with smoke or particles
to differentiate it from the mainstream air. In this study, the jet air
species (Y 1) is called the seed gas, and it is measured in terms of
mass fraction (MF). The air of the jet will be called the seed from
now on. Figure 4 shows the average distribution of the seed mass
fraction in the symmetry plane (z/d = 9) after 1200 time steps. The
jet bends in the mainstream flow direction, and the local value of
the seed mass fraction decreases in the x direction.

Figure 5 shows the normalized rms residual change23 over the do-
main for the u-, v-, w-momentum equations and the mass diffusion
equation (MF) obtained from a Fluent simulation. These residual
are plotted with the time step and not with iteration. The residuals
oscillate largely because of the imposed unsteady boundary con-

Fig. 4 Time-averaged distribution of the seed mass fraction in the
forced jet in crossflow (J = 9 and frequency of the jet = 400 Hz).

a)

b)

c)

d)

Fig. 5 Normalized residuals of the forced jet in crossflow for the a) u-momentum equation, b) v-momentum equation, c) w-momentum equation, and
d) seed mass fraction equation.

dition. The maximum values correspond to the maximum value of
the jet-exit velocity (60 m/s), whereas the minimum values of the
residual correspond to the minimum value of the jet-exit velocity
(zero-velocity value). It is not easy therefore to evaluate from the
residual, when the numerical solution has converged. The oscillation
of the seed mass fraction residual is larger than that of the momenta
residuals. Although there is no obvious criterion when convergence
is reached, it can be suggested from visual check that 250–300 time
steps are enough to reach the converged solution. To apply the sug-
gested FFT convergence criterion, time-domain data of variables of
interest need to be collected. U , v, w, and MF variable data are col-
lected for 1000 time steps at five different locations upstream and
downstream of the jet injection location, as shown in Fig. 6 and pre-
sented in Table 2. Figure 7 shows an FFT analysis of the seed mass
fraction at point 4, 30d downstream of the jet. Figure 7a shows the
seed mass fraction variable in the time domain. The seed mass frac-
tion starts with a zero value at ts = 0 and increases with time before
decreasing to a uniform value at t ≈ 150. The seed mass fraction
increases as the jet trajectory reaches point 4 and then decreases as
the jet core passes this location. This figure might suggest that after

Table 2 Point locations in JICF computational domain

Point x/d y/d Note

p1 −8.84 5.72 Near inlet of mainstream
p2 0.25 5.72 Downstream
p3 4.81 5.72 Downstream
p4 30.48 5.72 Downstream
p5 88.29 5.72 Near exit

Fig. 6 Schematic of the FJICF domain showing the physical locations
of the five points under investigation.
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a) b)

c)

Fig. 7 FFT convergence analysis of seed MF at point 4: a) signal in the time domain; b) frequency domain; and c) history of A1, A2, and A3 normalized
amplitudes.

the flow transient is passed, the number of time steps needed to reach
convergence is about 150 and there is no unsteady behavior beyond
this time step. A similar conclusion could be drawn from Fig. 5d,
where the solution at the same time step “looks periodic.” The FFT
convergence analysis is applied to the seed mass fraction signal at
point 4. Figure 7b shows the frequency analysis of the last segment
of data samples that starts with ts = 744 and ends with t = 1000 at
point 4. It is clear that a frequency of 400 Hz is found at this point,
corresponding to the imposed jet forcing frequency. A closer look
frequently reveals 800- and 1200 (not shown)-Hz harmonics are
present but of significantly smaller amplitude.

The maximum frequency that can be captured is based on the
time step used. In the current calculations, the time step is 2.5E-4 s;
therefore, frequencies up to 2000 Hz can be captured. The number
of data samples used in each FFT calculation is 256 points, and
the number of FFT points is 211. The cutoff frequency in this case
is 31.2 Hz. There are three important normalized amplitudes (A1,
A2, and A3) that have to be considered; A1 corresponds to the error
frequency f1, A2 corresponds to the primary or dominant physical
frequency f2, and A3 corresponds to the secondary physical fre-
quency.

To ensure that a numerical solution is converged all over the entire
domain, one should ideally sample all dependent flow variables at
many locations throughout the computational domain, but this is
not practical. A more reasonable approach is to examine selected
variables at several key locations. The choice of sampling variables
and locations requires an intelligent examination of the problem
under study. If a convergence check is needed all over the domain,

it is better to select the locations of sampling far away from the
source of disturbances as they appear to be the slowest to converge.
Although the disturbance is larger near the jet, the frequency content
is largely the same over the entire domain. The advantage of the
FFT convergence criterion is that it can detect very small changes
in the signal through an examination of its frequency and amplitude
content.

The amplitude time histories for the three strongest modes (A1,
A2, and A3) at point 4 are shown in Fig. 7c. The frequency of
the two strongest physical modes varies strongly with time early
in the iteration process. The amplitude of the secondary physical
frequency tends to be more stable. The first physical or dominant
frequency reaches its converged value before the second largest
physical frequency in most cases and at a time slightly larger than
that needed by the signal to reach a uniform value (ts = 150). At
point 4, the amplitude of the error frequency A1 decreases with time
and drops below the amplitude of the dominant physical frequency
after ts = 396. It reaches a nearly uniform value after ts = 460. The
amplitude of the error frequency is about 20% of the dominant
mode after ts = 500, but additional time steps are needed to sure
that the slight rise does not impact the solution and is therefore
continued until ts is about 750. At most time steps, the second largest
physical frequency has a value that is less than 10% of the maximum
amplitude. Therefore, because A3 is below a threshold, one does not
have to consider it any more.

The amplitude analysis in the early iteration process, t < 100,
needs more clarification. At the very beginning, the error frequency
shifts a little and is out of the cutoff region. As mentioned earlier,
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a)

b)

c)

d)

Fig. 8 FFT analysis of the seed MF at point 4 using 256 data samples starting at a) t = 1, b) t = 101, c) t = 201, and d) t = 401.

a)

b)

c)

d)

Fig. 9 Enlarged view of low-frequency region of the FFT analysis of the seed MF at point 4 using 256 data samples starting at a) t = 1, b) t = 101,
c) t = 201, and d) t = 401.

this arises when the number of FFT points is higher than the number
of data samples. The written code considers this amplitude as the
amplitude of the dominant frequency A2, and there is no detected
frequency in the cutoff region. The amplitude of the error frequency
A1 is then assigned a value of zero. For example, as seen in Fig. 6c,
after about 20 time steps the error frequency shifts out of the cutoff
region, and the FFT detects this error frequency as a small amplitude
signal A2 in the physical frequency region before it disappears. After
about ts = 80, the error frequency is detected outside of cutoff region
(A1 = 0, as discussed before), but after ts = 90 it returns back to the

cutoff region. These observations are deduced from the continuous
behavior of A1. Figures 8 and 9, discussed next, will make these
observations clearer.

To show the development of different modal amplitudes with ini-
tial sampling time t , data samples that start at four different time
steps of 1, 101, 201, and 401, respectively, will be examined. The
frequency analysis of each data segment is shown in Figs. 8 and 9.
The number of data samples and FFT points are the same as before.
For each of the first two segments of data (Figs. 8a and 8b), the
error frequency is the dominant mode, and there are no significant



AHMED AND BARBER 1049

Table 3 Sampling summary vs point
location for the JICF study

Convergence
Variable Location iteration

MF 4 470
MF 3 320
MF 5 1000
u 4 450
v 4 550

physical frequencies. The error frequency is slightly higher than the
cutoff frequency as shown in Figs. 8a and 9a. It can be concluded
from Fig. 7c that the amplitude of the error frequency at ts = 101
is lower than that of the first time step. After ts = 200, the 400-Hz
frequency appears and has an amplitude about 18% of that of the
error frequency. The amplitude of the error frequency is lower than
that at ts = 101. At the segment that starts with ts = 401, the 400-Hz
mode has an amplitude that is higher than the error frequency, and
the solution proceeds monotonically to convergence. From Fig. 8,
attention should be made in the selection of the appropriate time
step to stop calculating and start collecting data for FFT process-
ing. Finally, a summary of the effect of point location and flowfield
variable on the time to converge, as determined by the FFT-based
criteria, is shown in Table 3. The time to converge is largely inde-
pendent of choice of flow variable but is dependent on the distance
from the primary flow disturbance. The convergence time obtained
by examining different flow variables is largely obvious. In a flow
dominated by a mainstream direction, the u variable will be least
disturbed and converge the quickest. The greater disturbance of the
primary flow variables by the natural or imposed disturbance the
greater the time to converge. In any case, these times are larger than
than the time (200 to 250) one would select from the data shown in
Fig. 5.

Flame Holder Example
Flame holders are used to stabilize premixed flames in the after-

burners of many military jet engines by introducing a surface from
which a recirculation zone can be established. Frequently, flame
holders can be represented as bodies of triangular cross section,
with the apex pointing into the onset flow. The flow behind a tri-
angular bluff body has been calculated using the upwinding based
time-dependent Navier–Stokes solver (UTNS) code developed by
Choi.25 The unsteady Navier–Stokes equations were solved using
different turbulence models. Madabushi et al.16 used the same code
to study six different cases of flow behind the triangular bluff body
and found that the k–ε model with wall functions gave the best over-
all comparison with the measured centerline data done by Sjunnes-
son et al.26 The k–ε model is used in the present study. The bluff body
is an equilateral triangular cylinder with each side being 40 mm. The
computational domain is about five times the length of the triangular
side upstream and 20 times in the downstream direction. The height
is three times the length of the triangular base. A nonuniform mesh
of 17,600 grid points is used in the calculations. Finer grids were
examined25 and found to have no effect on the predicted Strouhal
number. The no-slip boundary condition is applied on the walls of
the triangular flame holder. Stagnation temperatures and pressures
values are specified at the inlet. At the exit, the static pressure is
specified while extrapolating the other variables. The inlet velocity
is about 31 m/s with inlet Reynolds number of 77.5 × 103 based
on the triangle base. The solution starts by solving the steady-state
flow condition for 100 iterations to initialize the unsteady solution.
A time step of 3.65 × 10−5 s was used for 5000 time steps. Figure 10
shows the instantaneous unsteady flowfield of the nondimensional
v velocity (velocity value/speed of sound) where velocity fluctua-
tions can be observed clearly behind the bluff body. Vortex shedding
starts at one of the triangle base corners then circulates behind the
base before moving downstream.

Figure 11 shows the normalized rms of the u- and v-velocity vari-
ables used to judge convergence of the flame-holder simulation. The

Fig. 10 Instantaneous v-velocity flow distribution over the triangular
bluff body.

a)

b)

Fig. 11 Nondimensional normalized rms of the a) u velocity and b) v
velocity.

residual of the v velocity has an unusual behavior as it decreases to a
minimum value and then increases before reaching a periodic behav-
ior. The sudden change is attributed to the formation and shedding of
the corner vortex off of the flame holder. This is the main source of
unsteadiness of this problem. Both plots suggest that convergence is
reached after ts = 2500. Seven points in the computational domain
are chosen to investigate the applicability of the FFT convergence
criterion, as shown in Fig. 11. Table 4 lists the values of the physical
locations of these points. The dominant frequency, related to vortex
shedding off the bluff body, is approximately 214 Hz. This corre-
sponds to a Strouhal number of 0.276, based on the flame-holder
base length and inlet velocity. For each FFT calculation, the number
of the data samples is 256, and the sampling rate is four times the
time steps to minimize the cutoff frequency (53.6 Hz in this case),
while NFFT = 211.

Figure 12 shows the nondimensional u-velocity time signal at
point 1 upstream of the bluff body and the FFT convergence
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Table 4 Point locations in flame-holder
computational domain

Point x/d y/d Notes

p1 −3.44 −0.97 Upstream
p2 −1.93 0.77 Upstream
p3 0.53 0.30 Downstream
p4 1.08 0.30 Downstream
p5 5.09 0.27 Downstream
p6 10.40 0.24 Downstream
p7 15.50 0.20 Downstream

Fig. 12 Spatial location of the seven points under consideration of the
flow over bluff-body problem.

a) b)

c)

Fig. 13 FFT convergence analysis of nondimensional u-velocity at point 1: a) signal in the time domain; b) frequency domain; and c) history of A1,
A2, and A3 normalized amplitudes.

analysis of this signal. Figure 13a shows the nondimensional
u-velocity value in the time domain. The velocity value fluctuates
largely at the beginning of the unsteady simulations, and the fluctua-
tions decrease with time before reaching uniform value. Figure 13b
shows the nondimensional u-velocity signal in the frequency domain
for the last segment of data samples that starts at ts = 3976. There
are two strong frequencies, which are the 214 Hz mode and its first
harmonic. The change of the normalized amplitudes A1, A2, and A3

with time is shown in Fig. 13c. As shown, the normalized amplitude
of the error frequency A1 decreases with time until intersecting with
the amplitudes of the other two frequencies. The amplitudes of the
physical frequencies can increase or decrease with time depending
on the initial conditions of the unsteady simulation. At point 1, A2

and A3 are close to each other, and after reaching convergence their
fluctuations disappear. The frequencies of the two largest physical
modes reach constant values before their normalized amplitudes do.

Figure 14 shows the frequency analysis of the nondimensional
u velocity at point 1 for different four data segments that start at
ts = 1, 801, 1601, and 2401. Figure 14a shows that at the segment
that starts with time step equals 1; the amplitude of the error fre-
quency in the cutoff region has the highest amplitude. The frequen-
cies in the out- of cutoff region are incorrect too, but they physi-
cally exist in the data samples at this time. In Fig. 14b, where the
data segment (2) starts at ts = 801 is shown, the error frequency in
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a)

b)

c)

d)

Fig. 14 FFT convergence analysis of the nondimensional u velocity at point 1 using 256 data samples at four different times. The data samples starts
at a) ts = 1, b) ts = 801, c) ts = 1601, and d) ts = 2401.

Table 5 Sampling summary vs point
location for the flame-holder study

Convergence
Variable Location iteration

u 1 2700
u 4 1500
u 7 3500
v 3 1700
v 4 1700

the cutoff region still has the highest amplitude while the ampli-
tudes of the incorrect frequencies, in the out- of cutoff region, are
lower than before. For the FFT analysis of data segment (3) that
starts at ts = 1601, the error frequency in the cutoff region is still
the highest amplitude, but the correct physical frequencies have the
highest amplitudes in the out- of cutoff region and finally in the
last data segment (4) that starts at ts = 2401, Fig. 14d, the physical
frequencies have higher amplitudes than the error frequency. The
amplitude of the error frequency is the highest in the first segment
and decreases until vanishing at the last segment. Again, a sum-
mary of the effect of point location and flow-field variable on the
time to converge, as determined by the FFT-based criteria, is shown
in Table 5. The time to converge is again largely independent of
choice of flow variable but is dependent on the distance from the
primary flow disturbance. In any case, these times are larger than
than the time (2000) one would select from the data shown in Fig. 11.

Conclusions
An alternative convergence criterion based on the FFT analysis

has been investigated. A test case has been given where a known
signal is transferred from the time domain to the frequency domain
to study the effect of the number of data samples, the number of
points in the FFT, and the errors that associate in obtaining the fre-
quencies and their normalized amplitudes. Two different problems,
which are the forced jet in crossflow and flow over a triangular
flame holder, have been solved using two different numerical codes
to show the applicability of the FFT convergence criterion. The
FFT convergence criterion is easily applied to unsteady problems.
In most numerical simulations, the number of time steps required

to reach a converged solution based on the FFT convergence anal-
ysis will be higher than that predicted by conventional convergence
criteria. Examining only the so-called error frequency in the re-
gion lower than the cutoff frequency and the dominant physical
frequency beyond the cutoff region is enough to judge convergence
in problems that have a finite number of tones. The amplitude of the
first dominant physical frequency is constant after reaching conver-
gence, and the same behavior is observed for the amplitude of the
secondary dominant physical frequency if its normalized value is
higher than 30%. To reduce the number of computations, the FFT
convergence criterion can be applied discontinuously after skipping
some time steps. It is therefore suggested that one judge conver-
gence by applying both steady and unsteady criteria, but when
the unsteadiness (imposed or natural) is large enough, then the
steady criteria cannot be satisfied, and the unsteady ones are used.
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